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Abstract: In this paper, the combined fractional Laplace transform and new Adomian decomposition method
(FLTNADM) is employed for solving conformable fractional coupled Burgers equation. Because of difficulty
and complex procedure of Adomian polynomials calculations, He polynomials based on homotopy perturba-
tion method instead of Adomian polynomials, are used. The results obtained are in good agreement with the
exact solution. These results show that the technique introduced here is accurate and easy to apply with less
computational work than other methods.
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1 Introduction

In literature there are many definitions on fractional derivatives but the most frequently used are as below.
i) Riemann-Liouville fractional derivative is defined by [[1]]

1 d

Dy f(t) = Ti—a) &

/t (t—e)fle)de, O0<a<l. 0
JO

ii) Caputo fractional derivative is defined by [1]]

DPF(t) = ﬁ /Ot (t—e) " f(e)de, 0<a<l. 2
iii) Jumaries fractional derivative is defined by [2]
D0 = e [ € U@ - o o<a<t ®
I'l—a)dx J,
iv) He’s fractional derivative is defined by [3]
DO = ey [ -0~ S, 0<a<, @
I'l—a)dt J,
where fj() is the solution of its continuous partner of the problem with the same initial condition of the fractal partner.
DB f(t) = If(l_a)%lt(l_ﬂ)(l_a)f(t), >0, 0<a<1, 0<B<1, (5)
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Most of the above fractional operators are defined via the fractional integrals with singular kernels which are due to their
nonlocal structures. In addition, most of the nonlocal fractional derivatives don’t obey the basic chain, quotient and prod-
uct rules. Recently, to overcome these and other difficulties, Khalil et al. [S]] introduced a new well-behaved definition
of local fractional (non-integer order) derivative, called the conformable fractional derivative. The conformable fractional
derivative is theoretically very easier to handle. Recently a different study appeared in literature on conformable frac-
tional derivative. Dazhi Zhao and Maokang Luo generalized the conformable fractional derivative and give the physical
interpretation of generalized conformable derivative [6]. The conformable calculus is very fascinating and is gaining an
interest-see [7]-[16] and reference therein.

Mathematical models of basic flow equations describing unsteady transport problems consist of system of nonlinear
parabolic and hyperbolic partial differential equations. The coupled Burgers’ equations form an important class of such
partial differential equations. These equations occur in a large number of physical problems such as the phenomena
of turbulence, flow through a shock wave traveling in a viscous fluid, sedimentation of two inds of particles in fluid
suspensions under the effect of gravity [17,[18]]. Various methods have been introduced for numerical and solution of the
coupled Burgers’ equations. An application of mesh free interpolation method for the numerical solution of the coupled
nonlinear partial differential equation is proposed in [19]. Khater et al. [20] have obtained approximate solution of the
viscous coupled Burgers’ equation using cubic-spline collocation method. The equation has been solved by Deghan et al.
[21] using a Pade technique and Rashid et al. [22] have used Fourier Pseudo spectral method to find numerical solution of
the equation. Variational iteration method has been presented for solving the coupled viscous Burgers’ equation by Adbou
and Soliman [23]]. The exact solution of the equation has been obtained by Kaya [24] using Adomian Decomposition
method and Soliman [25] presented modified extended tanh-function method to obtain its exact solution. Biazar and
Ghazvini [26] proposed the homotopy perturbation method to obtain the exact solution of nonlinear Burgers’ equation.
Aminikhah [27] proposed a new method based on combination of the Laplace transform and new homotopy perturbation
method (NHPM) first time and used it to obtain closed form solutions of coupled viscous Burgers’ equation. This method
has been used for solving some equations successfully [28, 29]. The main disadvantage of the Adomian method is the
complex and difficult procedure for calculation the Adomian polynomials. Ghorbani [30]], introduced He polynomials
based on homotopy perturbation method to calculate Adomian polynomials, making the solution procedure in Adomian
method remarkable simple and straightforward.

In this paper, we use the fractional Laplace transform and a new Adomian decomposition method (FLTNADM) to
obtain approximate solutions with high accuracy in for homogeneous and inhomogeneous conformable fractional coupled
Burgers’ equations.

Rest of the paper is organized as follows. In Section 2, we will describe the conformable fractional derivative. In
Section 3, the flow analysis and mathematical formulation are presented. Section 4, includes analysis of the new technique
for conformable fractional coupled Burgers’ equations. In Section 5, we apply the proposed method to different types of
problems related to the conformable fractional coupled Burgers’ equation and finally in Section 6, we summarize the
results.

2 Conformable fractional derivative

Conformable fractional derivative of order « is defined by the following definition.

Definition 1 Ler f : (0,00) —, R, then, the conformable fractional derivative of | of order « is defined as [19]

D (1) = lim flt+et™*) —f(t)7 ©)

e—0 3

forallt >0, a € (0,1).
If f is a—differentiable in some (0,a), a > 0, and lir(r)l+ D¢ f(t) exists, then by definition
t—
D f(0) = lim Dy f(t). ()
t—0+

This new definition of the derivative has been used to solve various problems arising in different fields of science and
engineering [31H33]. The new definition satisfies the properties which given in the following theorem.

Theorem 1 o DXaf(t)+bg(t)) =a D f(t)+b Dgg(t), forall a,b € R.
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o D(tt) =ptt~, forall p € R.

o Dif(t)g(t) = f(t) Di'g(t) + g(t) DF (D).

af@) _ g) DFf()—f(t) Dig(t)
o Dy OB POk .

In [21]] T. Abdeljawad established the chain rule for conformable fractional derivatives as following theorem.

Theorem 2 Let f : (0,00) — R, be a function such that f is differentiable and also a—differentiable. Let g be a function
defined in the range of f and also differentiable; then, one has the following rule

D{(fog)(t) = Dy f (9(t)) Dfg(t) g(t)*~". (8)
10 o0 tka

Now, we list here the fractional derivatives of certain functions [[19]]

1
eEtO{) = e« R

[ ]
)
*+Q
—~

o D{(sin 2¢*) = cos 117,

o Dj(cos £t*) = —sin 1%,

. Dy

On letting o = 1 in these derivatives, we get the corresponding ordinary derivatives.

Definition 2

t
o flz
tIa f(t) = / il?l(_l dI7 (9)
if the Riemann improper integral exists.

Theorem 3 (Integration by parts) [21|] Let f, g : [0,b] — R be two functions such that fg is differentiable. Then

b b
/0 £(t) D2g)(t) dat) = F(B)a(t)]} - / o(t) DEF(t) dat), (10)
where da(t) = t*~1dt.

It is interesting to observe that the a—{fractional derivative and the a—fractional integral are inverse of each other as given
in [19].

Theorem 4 (Inverse property) Let o € (0, 1] and f be a continuous function such that +I§ f exists. Then
Dy (IS )() = f(t), for t>0.
Definition 3 -
L) =Falo) = [ e 10 dutt), an
where da(t) =t~ Ldt.
Fractional Laplace transform for certain functions are presented as follows [21]]

o L {1} =1 s>0.

s?

e L{L} =2, s>o0.

. Ca{e%} =1 s>1
o Lo{sintt} = ﬁ, s> 1.
o Lo{cosit>} = 7, s> 1L

Furthermore, using the properties of the fractional exponential function and integration by parts, we have

LoAD} (f) (1)} = s Fu(s) = f(0). (12)
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3 Basic Idea of the Method

In this section, we illustrate basic idea of the proposed approach. Consider the following nonlinear conformable fractional
equation
Diu+ N(u) = f(x), (13)

DU — Z anﬂn(x) +pz anﬂn(x) + N(U) = f(x)v (14)

n=0
can be decomposed into an infinite series of polynomials given by

N(U) :anOHn(U07U1,...,Un)7 (15)
where H,, (ug, u1, ..., up) are called He polynomials and are defined by
H,(Uo, U, ..., Uy,) = [ Zp Us) , n=0,1,2,.... (16)
k=0 p=0
Alternatively, approximation solution of (T4) can be expressed as follows
DYU = anpin(@) +p Y anpn(@) + Y Ho(Uo, Us, ... Un) = f(2). (17)
n=0 n=0 n=0
By applying fractional Laplace transform on both sides of (I7), we have
Lo {Dg‘U - Z i () —|—pz An fin () + Z H,(Uy,Un,...,Up) — f(x)} =0, (18)
n=0 n=0 n=0
using the differential property of fractional Laplace transform we have
sL{UY—U(0 {Zanun pZanun ZH UO,Ul,...,Uan(z)}, (19)
n=0 n=0

or

LU} = % {U(O) + LoD anpin () Zanun Z H,(Uo, Ur, ..., Uy) + f(x)}} : (20)
n=0

n=0
By applying inverse fractional Laplace transform on both 51des of (20), we have

{ {U(0) + L, {Zanpn pZanun(x)—ZHn(UO,Uh...,Un)+f(x)}}}7 (21)

n=0 n=0 n=0

according to (2I), we define

Uolw) = £51 {iU(O) - iﬁa{zanum}} ,

n=0

Ui(z) = L} {iﬁa{—pz antin(2) — Ho(Uo) + f(ff)}} ;
n=0

; (22)
UJ(SL') = ﬁgl {—%ﬂa{ijl(Uo,Ul, sy Uj71>}} , J=2,3,...

Uo(z) = £ {iU(O) + %EQ{Z an,un(x)}} .
n=0

In this method, only the first He polynomial is calculated, and the method does not need to solve the functional equation
in each iteration.
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4 Analysis of the Method for conformable fractional coupled Burgers’equations
According to the proposed method, we consider the following conformable fractional coupled Burgers’ equations

D?’U, — Ugg + NUUg + K’(U’U)I = f(l‘7t)7
Dgv — vy + novg + y(uwv), = g(x,t),

u(x,()) = ¢1($), 'U(xa O) = ¢2(l‘), (24)

For solving this conformable fractional equation by new method, we consider the following equation

(23)

DeU — io () pin(t) + i’io (@) (8) — Uss + 0UUs + KUV, = f(a,8),

"o "5 (25)
DV — > bp(2)An(t) + 0 > bp(2)An(t) = Ve + 0V V, +4(UV), = g(z, 1),

n=0 n=0

It is assumed that the unknown functions can be expressed by an infinite series in the form

U=Uo+Ui+Uz+---,
V=Vot+ Vit Vot .

By applying fractional Laplace transform on both sides of (25), we have

£a{ DEU = £ an@a(®) + 5 anlahin(®) = Uss + 00V UV Flo8)} =0,

o 0o (26)
La {D?V - Z bn(x))\n(t) +p Z bn(x)/\n(t) - V.L.L + UVVL + W(UV);D - g(x,t)} = 07

n=0 n=0
using the differential property of fractional Laplace transform we have
sL{U} —U(x,0)
— £ { £ @) = £ (@l + Uz = 00V, = 6OV, + 1) |

n=0 n=0
27
sL{V} —V(z,0)
— £ { £ 0,00 =5 S b (A0 + Vi = VY = 2OV, + glt)}.
n=0 n=0
or
Lo{U} = { {U(,0)
Lol S an(@int) = p S an(@)in(t) + Use — nUU, — w(UV), + f(z, t)}} ,
n=>0 n=0
(28)
Lo{U} = {V(,0)
1L, { 5 ba(@)An(t) = S b (@) An(E) + Vi — 0V Ve — 1 (UV), + g(x, t)}} .
n=0 n=0
By applying inverse fractional Laplace transform on both sides of (28)), we have
Uz, t) = L3 {1{U(x,0)
+La{ Z_:O an (@) pin(t) —p Z_:O an () i (t) + Uz — 1( Z—:O An) — K( Z_:O Cn) + f(x,ﬁ)}}} )
(29)

V(z,t) =L {{{V(2,0)
+La{ Z::() b (@) An(t) —p 22 bp(2)An(t) + Vix —n( 32 Bn) —( 2130 Cn) + g(x,t)}}} )

n=0 n=0
1 | dr = %
A (Uo, Up, -, Un) = () | 5 IO N TR |
' k=0 A=0




International Journal of Engineering Mathematics & Physics,Vol.01(2019), Article No:2019-00001,pp.

)

A=0

dn
B, (Vo,Vi,.... V) = (— )[dA" [Va ZAka
k=0

)

1 dn oo oo
Cr (Uo, Uy, ..., Un, Vo, Vi, ..., Vi) = (=) l[Ng(Z)\kUk.ZA’“Vk)]
A=0

n!” | d\"
k=0 k=0

according to (29), we define

_ - 1{iU lLa{ioj anﬂn(t)}}’
{i (2,0) + L{Zbk()}}

Ur(,t) = L5 1{;@ (5 5 anmnl >+<Uo>m—nAo—nco+f<x,t>}>},

HLap 5 bt + (o), = 180 = 1o + g(.0) |

Uj(z,t) = L' {2 (La{=(Uj-1),, —nAj—1 —KCj_1}) }, (30)

j=2,3,....
Vi(w,t) = L35 (La{~(Vi=1),, —1Bj—1 —9Cj=1}) }

Now, let us determine ag, a1, as, ... so that U; = 0, then from (]315[) we have Uy = Us = ... = 0. Setting p = 1, results in
the solution of equation (23] with the initial conditions as the following

Un(a.1) = £5! {1¢1<x> FIE(S anunu)}} ,
Vo, t) = L1 {i@(x) +1c,1 i bn/\n(t)}} .

5 Examples
Example 1. Consider the following homogeneous form of a conformable fractional coupled Burgers equation

D — ugy — 2uuy + (uv), =0, 31)
Do — vgy — 200, + (uv), =0,

subject to the initial condition

The exact solution of the equation is as u(z,t) = v(z,t) = e~ =" sinz.
By using FLTNADM and setting U (z,0) = V' (z,0) = sinz, we have

Uin(art) = £ { Hsina) 4 £a{ 5 an@hin(®D }
Vota0) = £ {Hinte) + Lol £ @0 ]

Ur(o,1) = £5) {%ﬁa{—p 5 an(ahn(t) + (Co), — 240 - co}>} ,
{1(5{ p S bl ()+(V0)m—230—00})}7

Vi(z,t)

ap(x) = az(x) =+ = —sinz, a1(z) = ag(z) =--- =sinz,
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J

Figure 1: The surface shows the solution u(z,y) and v(z,y) for equation (31) when —10 < z < 10and 0 < t < 2: (a)

a=10b)a=09

Therefore we gain the solution of equation (31)) as

&
N
Q

-
w
Q

w

lta

u(:c,t):Uo(x,t):(lf%Jr%?f%? +.-)sinz =e o’ sinz,
’U(Z’,t) :Vo(l',t) = (17%+%2—— %%+...)Sinx:67%ta sinw,

which are exact solution of equation (3T).
Example 2. Consider the following non-homogeneous form of a conformable fractional coupled Burgers equation

Dy — gy + utty + (uv), = 2?2 — 2% + (223 + 1);!212,

@ 2a
D{v — vyy + 00y + (u0), = i -ZL - (9713 1) 4,

subject to the initial condition
The exact solution of the equation is as u(x,t) = 2> and v(x,t) = %%
By using FLTNADM and setting U(z,0) = V (z, O) = 0, we have

Uo(z,t) = L {5 (uo + Lo {U(2,0)}) },

Vo(a,t) = L3 {L (vo + Lo {V(2,0)})},
a(a0) = £ {2(Ealp  an(olpnl0) + T~ 40— Co
+a? =25 4 (208 + )}
Vi) = £ {HLulp £ 00 + (o), — Ba— Co
1oz oo gy,
ao(@) =%, ar(x) = as(z) = ag(z) = --- = 0,

(32)
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Figure 2: The surface shows the solution u(x, y) for equation (32) when —10 < z < 10and 0 < ¢ < 2: (a) & = 1, (b)
a=20.9

Therefore we gain the solution of equation (32) as

a

u(z,t) = Up(x,t) + Up(z,t) + -+ = 22 L,

v(z,t) = Vo(x,t) + Vi(a,t) + - -

Il
gla

which are exact solution of equation (32).

6 Conclusions

In this paper, the FLTNADM, a combination of fractional Laplace transform method and new Adomian decomposition
method, was applied successfully to find the analytical solution of conformable fractional coupled Burgers’equations
which is a conformable fractional partial differential equation. The proposed method does not require complex computa-
tions of Adomian polynomials and only use the first term of it, so the reliability of the method and reduction in the size
of computations give this method a wider applicability. The obtained results show that these approaches can solve the
problem effectively and can be applied to many conformable fractional nonlinear differential equations.
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Figure 3: The surface shows the solution v(z, y) for equation (32) when —10 < x < 10and 0 < ¢ < 2: (a) a = 1, (b)
a=0.9.

References

[1] Podlubny, I., Fractional differential equations. Vol. 198. Academic press, 1998.

[2] Jumarie, G. (2006). Modified Riemann-Liouville derivative and fractional Taylor series of non differentiable func-
tions further results. Computers & Mathematics with Applications, 51(9-10), 1367-1376.

[3] He, J. (2014)i A tutorial review on fractal spacetime and fractional calculus, Int. J. Theor. Phys. 53, 3698-3718.

[4] Hilfer, R., ed. Applications of fractional calculus in physics. World Scientific, 2000.

[5] Khalil, R., Al Horani, M., Yousef, A., Sababheh, M. (2014). A new definition of fractional derivative. Journal of
Computational and Applied Mathematics, 264, 65-70.

[6] Zhao, D., Maokang, L. (2017.) General conformable fractional derivative and its physical interpretation, Calcolo.
54,903-917.

[7] Abdeljawad, T. (2015). On conformable fractional calculus, J. Comput. Appl. Math. 279, 57-66.

[8] Rezazadeh, H., Aminikhah, H., Refahi Sheikhani, A. H. (2017). Stability analysis of conformable fractional systems.
Iranian Journal of Numerical Analysis and Optimization, 7(1), 13-32.

[9] Aminikhah, H., Sheikhani, A. R., Rezazadeh, H. (2016). Sub-equation method for the fractional regularized long-
wave equations with conformable fractional derivatives. Scientia Iranica. Transaction B, Mechanical Engineering,
23(3), 1048.

[10] Rezazadeh, H., Ziabarya, B. P. (2016). Sub-equation method for the conformable fractional generalized kuramoto
sivashinsky equation. Comput. Res. Progress Appl. Sci. Eng, 2(3), 106-109.

[11] Eslami, M., Rezazadeh, H. (2016). The first integral method for Wu—Zhang system with conformable time-fractional
derivative. Calcolo, 53(3), 475-485.

[12] Hosseini, K., Mayeli, P, Ansari, R. (2017). Modified Kudryashov method for solving the conformable time-
fractional Klein—Gordon equations with quadratic and cubic nonlinearities. Optik-International Journal for Light
and Electron Optics, 130, 737-742.

[13] Korkmaz, A. (2017). Exact solutions to (3+ 1) conformable time fractional Jimbo—Miwa, Zakharov—Kuznetsov and
modified Zakharov—Kuznetsov equations. Communications in Theoretical Physics, 67(5), 479.

[14] Eslami, M. (2016). Exact traveling wave solutions to the fractional coupled nonlinear Schrodinger equations. Applied
Mathematics and Computation, 285, 141-148.

[15] Eslami, M., Rezazadeh, H., Rezazadeh, M., Mosavi, S. S. (2017). Exact solutions to the space—time fractional
Schrodinger—Hirota equation and the space—time modified KDV-Zakharov—Kuznetsov equation. Optical and Quan-
tum Electronics, 49(8), 279.

[16] Korkmaz A. (2019), Explicit Exact Solutions to Some One Dimensional Conformable Time Fractional Equations,



International Journal of Engineering Mathematics & Physics,Vol.01(2019), Article No:2019-00001,pp.

Waves in Random and Complex Media, 29(1), 124-137.

[17] Burgers, J. M. (1948). A mathematical model illustrating the theory of turbulence. In Advances in applied mechanics
(Vol. 1, pp. 171-199). Elsevier.

[18] Cole, J. D. (1951). On a quasi-linear parabolic equation occurring in aerodynamics. Quarterly of applied mathemat-
ics, 9(3), 225-236.

[19] Haq, S., Uddin, M. (2009). A meshfree interpolation method for the numerical solution of the coupled nonlinear
partial differential equations. Engineering Analysis with Boundary Elements, 33(3), 399-409.

[20] Khater, A. H., Temsah, R. S., Hassan, M. M. (2008). A Chebyshev spectral collocation method for solving Burgers’-
type equations. Journal of Computational and Applied Mathematics, 222(2), 333-350.

[21] Dehghan, M., Hamidi, A., Shakourifar, M. (2007). The solution of coupled Burgers’ equations using Adomian—Pade
technique. Applied Mathematics and Computation, 189(2), 1034-1047.

[22] Rashid, A., Ismail, A. I. B. M. (2009). A Fourier pseudospectral method for solving coupled viscous Burgers equa-
tions. Computational Methods in Applied Mathematics Comput. Methods Appl. Math., 9(4), 412-420.

[23] Abdou, M. A., Soliman, A. A. (2005). Variational iteration method for solving Burger’s and coupled Burger’s equa-
tions. Journal of Computational and Applied Mathematics, 181(2), 245-251.

[24] Kaya, D. (2001). An explicit solution of coupled viscous Burgers’ equation by the decomposition method. Interna-
tional Journal of Mathematics and Mathematical Sciences, 27(11), 675-680.

[25] Soliman, A. A. (2006). The modified extended tanh-function method for solving Burgers-type equations. Physica A:
Statistical Mechanics and its Applications, 361(2), 394-404.

[26] Biazar, J., Ghazvini, H. (2009). Exact solutions for nonlinear burgers’ equation by homotopy perturbation method.
Numerical Methods for Partial Differential Equations, 25(4), 833-842.

[27] Aminikhah, H. (2013). An analytical approximation for coupled viscous Burgers’ equation. Applied Mathematical
Modelling, 37(8), 5979-5983.

[28] Aminikhah, H., Sheikhani, A. R., Rezazadeh, H. (2014). An efficient method for time-fractional coupled Schrédinger
system. International Journal of Partial Differential Equations, 2014.

[29] Aminikhah, H., Sheikhani, A. H. R., & Rezazadeh, H. (2016). Approximate analytical solutions of distributed order
fractional Riccati differential equation. Ain Shams Engineering Journal.

[30] Ghorbani, A. (2009). Beyond Adomian polynomials: he polynomials. Chaos, Solitons & Fractals, 39(3), 1486-1492.

[31] Osman M.S., Korkmaz A., Mirzazadeh M., Eslami M., Rezazadeh H., Zhou Q. (2018), The Unified Method for
Conformable Time Fractional Schrodinger Equation with Perturbation Terms, Chinese Journal of Physics, 56(5),
2500-2506.

[32] Korkmaz A., Hosseini K. (2017). Exact solutions of a nonlinear conformable time fractional parabolic equation with
exponential nonlinearity using reliable methods. Optical and Quantum Electronics, 49(278), 1-10.

[33] Korkmaz A. (2018). On the wave solutions of conformable fractional evolution equations. Communications Series
A1l: Mathematics and Statistics, 67(1), 68-79.

[34] NeeiJ., Duan J. D., Limit set of trajectories of the coupled viscous Burgers’ equations, Appl. Math. Lett, 11 (1998)
57-61.



	Introduction
	Conformable fractional derivative
	Basic Idea of the Method
	Analysis of the Method for conformable fractional coupled Burgers'equations
	Examples
	Conclusions



